Abstract-A numerical investigation is presented for the peak sidelobe level (PSL) of Legendre sequences and maximal length shift register sequences (m-sequences). The PSL gives an alternative to the merit factor for measuring the collective smallness of the aperiodic autocorrelations of a binary sequence. The growth of the PSL of these infinite families of binary sequences is tested against the desired growth rate o( √ n ln n) for sequence length n. The claim that the PSL of m-sequences grows like O( √ n), which appears frequently in the radar literature, is concluded to be unproven and not currently supported by data. Notable similarities are uncovered between the PSL and merit factor behaviour under cyclic rotations of the sequences.
I. INTRODUCTION
A binary sequence of length n is an n-tuple A = (a 0 , a 1 , . . . , a n−1 ) where a i = 1 or −1 for each i = 0, 1, . . . , n − 1. The aperiodic autocorrelation of A at shift u is defined as
It has long been of interest in the study of sequence design to find binary sequences whose aperiodic autocorrelations are, in some suitable sense, collectively small. Two principal measures of "smallness" have been used. One measure (surveyed in [12] ) is the merit factor, introduced by Golay in 1972 [8] :
for n > 1.
The other measure, which is our main interest here, is the peak sidelobe level (PSL):
Let A n denote the set of all binary sequences of length n. We would like ultimately to understand the behaviour, as n → ∞, of
and to compare its asymptotic behaviour with that of 1/F n , where F n := max A∈An F (A).
The value of M n has been computed up to n = 70, and it has been found that:
(i) M n ≤ 2 for n ≤ 21 (Turyn, 1968 [19] ), where M n = 1 is achieved for n = 2, 3, 4, 5, 7, 11, and 13 by Barker sequences (ii) M n ≤ 3 for n ≤ 48 (Lindner, 1975 [14] for n ≤ 40;
Cohen, Fox, and Baden, 1990 [4] for n ≤ 48) (iii) M n ≤ 4 for n ≤ 70 (Coxson, Hirschel and Cohen, 2001 [5] for n ≤ 60; Coxson and Russo, 2005 [6] for n ≤ 70). Theoretical bounds on the asymptotic behaviour of M n were also known as early as 1968: Theorem 1.1 (Moon and Moser [17] ): [17] ): For any fixed > 0, the proportion of sequences A ∈ A n such that M (A) ≤ (2 + ) √ n ln n approaches 1 as n → ∞. It is clear from Theorem 1.2 that for any fixed > 0, M n ≤ (2 + ) √ n ln n when n is sufficiently large. The constant in this bound has recently been improved: Theorem 1.3 (Mercer [16] ): For any fixed > 0, M n ≤ ( √ 2 + ) √ n ln n when n is sufficiently large. We note that there are sequence families for which the PSL grows faster than Θ( √ n ln n), exceeding the upper bound in Theorems 1.2 and 1.3. An example is the sequence family F = {A n : n ∈ N} such that each A n = (1, 1, . . . , 1) has length n. However, it is not currently known whether there exists any sequence family whose PSL grows like the lower bound o( √ n) of Theorem 1.1, nor even like Θ( √ n). Nonetheless, even these lower bounds appear to be weak considering the known numerical results for M n for n ≤ 70. This apparent gap between the numerical data and the theoretical bounds motivates us to attempt to exhibit an infinite family of binary sequences whose PSL grows like o( √ n ln n) (more slowly than the upper bound of Theorems 1.2 and 1.3), and preferably like O( √ n).
Theorem 1.2 (Moon and Moser

II. TWO FAMILIES OF SEQUENCES
The theoretical approach to the merit factor problem includes the study of specific infinite families of sequences. We shall be concerned with the families of Legendre sequences and maximal length shift register sequences. For more detailed information on these families, see [12] for example.
A. Legendre Sequences
The Legendre sequence (also called a quadratic residue sequence) X = (x 0 , x 1 , . . . , x n−1 ) of prime length n is defined so that
By convention, we take x 0 = 1.
When a sequence A = (a 0 , a 1 , . . . , a n−1 ) of length n is rotated by a rotational fraction r, we obtain a new sequence
In 1988 Høholdt and Jensen [11] , building on earlier work of Turyn (reported in [9] ) and Golay [9] , established:
Theorem 2.1 (Høholdt and Jensen [11] ): Let X be a Legendre sequence of prime length n. Then
It follows that the maximum asymptotic merit factor of any rotation of a Legendre sequence is 6, and is achieved when the rotational fraction r is 1/4 and 3/4. Although this value 6 is the greatest proven asymptotic result for the merit factor of binary sequences, Borwein, Choi, and Jedwab [1] gave strong numerical evidence that there are binary sequences whose asymptotic merit factor exceeds 6.34. Their construction involves sequences given by appending the initial elements of some rotation of a Legendre sequence to itself.
B. Maximal Length Shift Register Sequences
A maximal length shift register sequence, also called an msequence, ML-sequence, or pseudonoise sequence, is a binary sequence Y = (y 0 , y 1 , . . . , y 2 m −2 ) of length 2 m − 1 for which
where α is a primitive element of GF(2 m ), β is any fixed nonzero element from the same field, and tr() is the trace function from GF(2 m ) into GF (2) . An m-sequence of a given length 2 m − 1 is not unique, since the choice of β and a primitive element α is arbitrary.
Alternatively we can define an m-sequence Y using a linear recurrence relation. Let
i be a primitive polynomial of degree m over GF (2) . Define a 0/1 sequence
. . , a m−1 take arbitrary values that are not all 0's, and
this gives an m-sequence. This alternative definition can be physically implemented using a shift register with m stages [10] .
There are
A third equivalent representation of an m-sequence is as a cyclic Singer difference set. In 1989 this equivalence was used to prove: Theorem 2.2 (Jensen and Høholdt [13] ): The asymptotic merit factor of any rotation of an m-sequence is 3. Fig. 1 displays the behaviour of the asymptotic merit factor of Legendre sequences (see Theorem 2.1) as the rotational fraction r varies. The corresponding graph for m-sequences (see Theorem 2.2) is just a horizontal line.
III. BOUNDS ON THE PEAK SIDELOBE LEVEL OF FAMILIES OF SEQUENCES
We next consider bounds on the PSL of specific families of binary sequences.
We begin with a connection between the merit factor and the PSL of a family of sequences. Let F be a family of binary sequences and let each A n ∈ F have length n. Suppose
It follows that lim inf n→∞ (1/ 2F (A n )) = 0 and therefore lim sup n→∞ F (A n ) = ∞. The converse of this statement is useful: Proposition 3.1: Let F be a family of binary sequences and let each A n ∈ F have length n. If {F (A n ) : A n ∈ F} is bounded, then M (A n ) = Ω( √ n). By Proposition 3.1 and Theorems 2.1 and 2.2, the PSL of any rotation of a Legendre sequence, and of any m-sequence, both grow at least as fast as √ n. As described in Section I, we would like to identify a family of sequences whose PSL grows like o( √ n ln n). Among the families of sequences introduced in Section II, the larger asymptotic merit factor is achieved by rotated Legendre sequences. We might therefore expect that, if either of these families has a PSL that grows like o( √ n ln n), the Legendre sequences (and their rotations) are the more likely candidate; we might even hope that the PSL of some rotation grows like O( √ n). This is investigated in Section IV. The PSL of m-sequences Y of length n has been much discussed in the literature. In 1980, McEliece [15] showed that √ n + 1 ln(en) is an upper bound for M (Y ). [20] describes the proof for m-sequences as being "beyond the scope of this book". We therefore regard this claim to be unproven and currently unsupported.
We investigate the PSL of families of m-sequences numerically in Section V, testing its growth against the claimed bounding function √ n and also against the function √ n ln n.
IV. THE PEAK SIDELOBE LEVEL OF LEGENDRE SEQUENCES
In this section we compare the growth of the PSL of Legendre sequences with the functions √ n and √ n ln n (see Section III). Let R = {0, 1 n , . . . , n−1 n } and let X be a Legendre sequence of prime length n. We calculated M (X r ) for all r ∈ R for various values of n, using similar strategies to those described in [12, Section 3.2] for efficiency. Fig. 2 shows the variation of M (X r ) with the rotational fraction r, for n = 104, 729. Similar shapes of graph were obtained for all lengths tested. The shape of the graph closely resembles that of the graph of 1/ lim n→∞ F (X r ) against r (see Fig. 1 ), in particular achieving a minimum value at approximately r = 1/4 and r = 3/4. The obvious difference between the shape of the graphs for M and asymptotic 1/F is that "fuzziness" seems to persist in the graph of M (X r ) at all lengths.
The minimising value of r ∈ R for M (X r ) was found to be approximately 1/4 for various lengths n. Fig. 3 shows the variation of M (X 1/4 ) with length n for n ≤ 41081.
We now compare the growth of the function M (X 1/4 ) with √ n and with √ n ln n. Fig. 4 shows the variation of M (X 1/4 )/ √ n with n. The graph shows an increasing function, from which we conclude that the original function grows at least as fast as √ n. Fig. 5 shows the variation of M (X 1/4 )/ √ n ln n with n. The graph now shows a function that appears to approach a nonzero constant, which suggests that M (X 1/4 ) grows like Θ( √ n ln n). Based on the numerical evidence displayed in Figs. 4 and 5 , we conclude tentatively that M (X 1/4 ) grows like Θ( √ n ln n). This is contrary to our initial expectation for the growth of the PSL of Legendre sequences.
V. THE PEAK SIDELOBE LEVEL OF m-SEQUENCES
In this section we compare the growth of the PSL of msequences with the functions √ n and √ n ln n. Our main interests are in testing the claim that the PSL of m-sequences grows like O( √ n), and in identifying a family of sequences for which the growth of the PSL is o( √ n ln n) (see Section III). Let R = {0, We now compare the growth of the minimum, mean and maximum value of M (Y ) with √ n and √ n ln n. Fig. 8 shows the variation of these values with ln n after division by √ n and Fig. 9 shows the variation after division by Fig. 8 shows a (broadly) increasing function while Fig. 9 shows a strictly decreasing function. We conclude that the mean value of the PSL over all m-sequences of length 2 m − 1 grows like Ω( √ n) (as we already knew from Proposition 3.1 and Theorem 2.2), and like O( √ n ln n) (which, if true, would improve on the upper bound of Theorem 3.2). This empirical conclusion implies that the minimum PSL of m-sequences also grows like O( √ n ln n). In light of the numerical evidence presented, we consider the claim that the PSL of m-sequences grows like O( √ n) is not currently supported by data. We believe it would be challenging to collect sufficient computational data to settle this question with relative confidence. Nonetheless, it seems that the mean value of the PSL of m-sequences is more likely to achieve the desired growth of o( √ n ln n) than the PSL of Legendre sequences (see Section IV).
VI. FUTURE WORK
We suggest the following would be of interest for future work:
(i) Determine theoretically if the PSL of an optimal rotation of a Legendre sequence is really given by Θ( √ n ln n). 
